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National Exams December 2014

07-Mec-B6, Advanced Fluid Mechanics

3 hours duration

Notes:

1. If doubt exists as to the interpretation of any question the candidate is urged to
submit with the answer paper a clear statement of the assumptions made.

2. Candidates may use any non-communicating calculator. The exam is OPEN
BOOK.

3. Answer any 4 of the 5 questions.

4. All questions are equally weighted.



07-Mec-B6; Dec. 2014 Page2/11

Answer any 4 of the following 5 questions.

Question 1: A long municipal discharge pipe can be modeled as a source of strength m.
The flow it induces can be modeled by the superposition of this source and a vortex of
circulation, I', placed a distance a from the bottom of a deep lake as shown in Fig. QI.
Assuming that the waste water density is the same as the lake water, that the lake bed is
flat, that the fluid velocity in the lake far from the discharge is negligible and that the
free-surface effects can be neglected, determine:

a) The stream function that will represent this flow.
b) Verify that the lake bed is correctly simulated.
¢) The velocity distribution along the lake bed.

d) The forces acting on the discharge pipe.
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Figure Q1: Cross-sectional view of discharge pipe next to a lake bed.



07-Mec-B6; Dec. 2014 Page 3/11

Question 2: A pressurized air canister has an internal volume of 0.5 m>. The air (y =
1.4, R = 287 J/kg-k, Cp = 1004.5 J/kg-K) inside the canister is kept a constant
temperature of 300K. Initially, the air inside the canister is pressurized to 10.0 MPa. The
canister outlet consists of a valve shaped like a convergent-divergent nozzle. The throat
area is given as Ar=1 mm? and the exit area as Ag = 3.5 mm? The valve is opened to
allow air to flow through. The air exhaust to atmosphere (P, =100 kPa). It can be
assumed that frictional losses are negligible. It can also be assumed that the air is still
inside the canister (before entering the valve section).

a) Determine the flow rate, exit temperature and speed of the air immediately after
opening the valve (i.e. when the internal pressure is 10.0 MPa).

b) Determine the flow rate, exit temperature and speed of the flow when the internal
pressure of the canister reaches 5.0 MPa.

c) At what internal pressure does a shock form exactly at the exit of the convergent-
divergent nozzle? What is the flow rate at this point? What is the air temperature
and speed immediately after the exit?

d) Below what canister pressure is the valve (nozzle) no longer choked?

P,=100kPa
Throat
Ar=1.0 mm’
Flow i
/— Exit Plane
Ag = 3.5 mm?

Figure Q2: Cross-sectional schematic of valve section.
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Question 3: Water flows vertically and at a constant rate in a pipe of length L as shown
in Fig. Q1. The pipe consists of a circular outer pipe of radius R and a central rod of
radius 6 = R/4. The walls of the outer pipe are coated with Teflon so that the water does
not wet the surface, so that the radial gradient of the streamwise velocity component is
zero at the surface. The inner rod is not coated, so that water does wet the surface. The
walls are non-porous. The inlet and outlet of the pipe are exposed to atmosphere, such
that the inlet and outlet static pressures are the same. Assuming that L/R >> 10, that the
flow is laminar and axisymmetric, determine:

a) The radial distribution of the radial velocity component #, ;
b) The radial distribution of the vertical velocity component u; ;
c) The force per unit length (magnitude and direction) acting on the inner rod.
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Figure Q3: Schematic of vertical pipe with rod.
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Question 4: The flow in the inlet region of a two-dimensional channel can be modelled
as two developing boundary layers on flat plates. Consider the case of water (of dynamic
viscosity v = w/p = 10 m?/s) flowing into a channel of height # = 2 mm at an average
(bulk) flow speed of U, = 5 m/s. In this case, the Reynolds number based on A, Rey =
U,h/v= 10,000 and the flow will be turbulent.

The flow is said to be fully-developed downstream of the point where the two
boundary layers meet (i.e. when 6= h/2).

a) From the principle of conservation of mass, find the centre-line velocity, U, as a
function of the local boundary layer thickness J.

b) If the inlet region is defined as extending from x = 0 to x = L, where at x = L we
require that 5= A/2, estimate the inlet length in terms of the ratio L/h. What is the
centre-line velocity at x = L?

c) What is the pressure gradient at x =L ?

d) What is the wall shear stress, 5, atx=1L ?

In answering the question, assume that:

(i) the inlet velocity profile is uniform at U,;

(ii) the flow in the boundary layers is turbulent;

(iii) that Rey = U,x/v;

(iv) that the flow outside the boundary layers is irrotational,
(v) and:
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Figure Q4: Schematic of two-dimensional inlet region.
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Question 5: You are working for a company which manufactures air compressors. A
client would like to be able to handle air at Pg;=101.3 kPa and Tp;=250K at a rate of 200
m®/s. The available company model has a rotor tip-to-tip diameter of 0.5m and handles
atmospheric air at Pg;=101.3 kPa and T;=293K at a rate of 50 m>/s when rotating at 5000
rpm. The total-to-total pressure ratio is 1.05. For a single stage you are given that the
total-to-total efficiency is 0.93. The properties of air are: y = 1.4; R = 287.0 J/kg-K and
Cp = 1004.5 J/kg-K. Assuming that the stage efficiency does not change, determine: the
required size of the geometrically similar compressor stage, its operating speed; the outlet
total pressure and total temperature.
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Aid Sheets
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Conservation Equations for Cartesian Coordinate system

Continuity Equation:
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Conservation Equations for Cylindrical-polar Co-ordinate system
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Linear Momentum Equations:

r-momentum:

P +u, —-+ Ly, L ——
ot or r 06 Jz r

__9o° 10 L, O ) Te
- ar+pgr+rar(rrrr)+rag(rr0)+az(rrz) p

[61{, Ou, uy Ou ou uji!

G-momentum:

Ou, 5 7% ou, +14_9_6u£, ™ ou, A
ot or r 00 0z r

__lor 19 1o 9
= r69+pg€ +r2 6r(r T@r)+r 69(709)‘*‘62(762)

Z-momentum:

tu, —+——F+u,—=
ot or r 00 o0z

[au, Ou, u, ou ou :|

oP 10 10 0
=_——+pgz+__(rTzr)+__(Tzﬁ)+—(Tzz)

Oz r or r 00 0z
ou, 2 10u, wu 2 -
=4y 2—L-=V.U =y 2 —L 4+ (-ZV.U
Frr ,u( or J Foo #[ (r 06 rJ 3 J
ou, 2 o(u 1 ou
T, =4 2—=—-=V.U e £ L
2z ( N J Tr@ Tar /J(V ar( » ) ’ agj
;o7 = Ou, Ou, ; _ [10u, Ou,
rz zr lu a}" 82 8z z8 ﬂ r 66 aZ
-~ 10 10 0
VUz=——\ru, )+——\u, )+ —\u

VXﬁ: l%—% .e_.+ au’ _%).3_6.4_ la(ru‘g)_lau’ ;:
or r Or r 00



07-Mec-B6; Dec. 2014 Page 10/11

Potential Flow

Stream functions:

Uniform Flow: Y= on = UOI‘ sinéd
— m g Y= yo _ m
Source Flow: V= Etan (x —x, j . o 0
r 2 2 r
3 ¥Y=-—In|lx—x ) +{y- =——7Inr
Yortex Flow: 47 [( 0) (y yo) ] o7
e Ar-y) __sin@)
Doublet Flow: (x_xﬂ )2+ (y—y,, )2 .
Potential functions:
Uniform Flow: o= on = Uol’ cosd
Source Flow: ® = ﬂln[(x —X, )2 + (y -, )2] = —nilnr
' 4 27
I o afy-—y,|_T
Vortex Flow: (D='27tan l(x—xo]: 27[9
oo A=x) . cos(0)
Doublet Flow: (x —x, )2+ (y _ yo)2 "
od oY od oV
Velocity relationships: u= E = g = gy— = ™
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Transformation between Coordinate System

X

A

r=q/x2 + 2 9=tan"(l) :
|

|

x=rcos@ y=rsinf

e, =cosfi +sinf j €, =—sinfi +cosf j

u, =ucos@+vsinf u, =—usin@+vcosé

u=u,cost —u,sinf v=u,sinf+u, cosd



